Abstract. A polynomial f (x) over a field K is called stable if all of its iterates are irreducible over K. In this paper we study the stability of trinomials over finite fields. Specially, we show that if f (x) is a trinomial of even degree over the binary field F2, then f (x) is not stable. We prove a similar result for some families of monic trinomials over finite fields of odd characteristic. These results are obtained towards the resolution of a conjecture on the instability of polynomials over finite fields whose degrees are divisible by the characteristic of the underlying field.
we study stability of monic trinomials over finite fields and confirm Conjecture 1 for all trinomials over the finite field F 2 and some families of trinomials over finite fields of odd characteristic. We as well present some results dealing with polynomials of higher weight.
This paper is organized as follows. In Section 1, we gather some preliminary results. In Section 2, we prove our main results about trinomials over finite fields. In Section 3, we present some results on the stability of polynomials of higher weight. Finally, Section 4 contains our concluding remarks.
Preliminaries
In this section we prove and gather some results which will be used in the rest of the paper to prove the main results of the paper.
1.1. Newton Identities. Let L be a field, and let x 1 , x 2 , . . . , x m ∈ L. We denote by e k (x 1 , x 2 , . . . , x m ) and p k (x 1 , x 2 , . . . , x m ) the k-th elementary symmetric polynomial and the k-th power sum in x 1 , x 2 , . . . , x m , respectively, i.e, e k (x 1 , x 2 , . . . , x m ) = 1≤i 1 <i 2 <...<i k ≤m
If L is of characteristic zero and we let p 0 (x 1 , x 2 , . . . , x m ) = m, then for k ≥ 1 and l = min(k, m) we have p k − p k−1 e 1 + p k−2 e 2 + · · · + (−1) l−1 p k−l+1 e l−1 + (−1) l l m p k−l e l = 0.
Polynomial transformation of irreducible polynomials.
The following lemma is known as Capelli's lemma and can be found in [4] too.
Lemma 2. Let f (x) be a degree n irreducible polynomial over F q , and let
) is irreducible over F q if and only if for some root α of f (x) in F q n , g(x) − αh(x) is an irreducible polynomial over F q n .
1.3.
Parity of the number of the irreducible factors of a polynomial over finite fields. Be careful with the characteristic We begin this section by recalling the Discriminant and the Resultant of polynomials over a field. For a more detailed treatment see [10, Ch. 1, . Let K be a field, and let F (x) ∈ K[x] be a polynomial of degree s ≥ 2 with leading coefficient a. Then the Discriminant, Disc(F ), of F (x) is defined by
where x 0 , x 1 , . . . , x s−1 are the roots of F (x) in some extension of K. Although Disc(F ) is defined in terms of the elements of an extension of K, it is actually an element of K itself.
There is an alternative formulation of Disc(F ), given below, which is very helpful for the computation of the discriminant of a polynomial.
j=0 (x − y j ), where a, b ∈ K and x 0 , x 1 , . . . , x s−1 , y 0 , y 1 , . . . , y t−1 are in some extension of K. Then the Resultant, Res(F, G), of F (x) and G(x) is
The following statements are immediate from the definition of the resultant of two polynomials. Corollary 1. If F is as above, and
Corollary 2. If F is as above, and
where l is the degree of F ′ . Notice that if K is of positive characteristic, then we may have l < n − 1.
be of degrees m and n and leading coefficients a and b, respectively. Furthermore, suppose that the derivative of u(x), i.e. u ′ (x), is of degree l.
Proof. Let α 1 , α 2 , . . . , α m be the roots of u(x) = 0 in some extension of K. Then the roots of uv(x) are the collection of the roots of the equations v(x) = α i for i = 1, 2, . . . , m. We denote by β ij , j = 1, 2, . . . , n, the n roots of v(x) = α i . So the roots of uv(x) = 0 are β ij for 1 ≤ i ≤ m and 1 ≤ j ≤ n. Since u ′ (x) is of degree l, u ′ (v(x)) is of degree nl. Thus using (1) and the fact that v(β ij ) = α i for 1 ≤ j ≤ n we have
The following results are our main tools for determining the parity of the number of irreducible factors of a polynomial over a finite field.
, where q is an odd prime power, is the product of r pairwise distinct irreducible polynomials over F q [x] . Then r ≡ s (mod 2) if and only if Disc(f ) is a square in F q . If s is even and Disc(F ) ≡ 1 (mod 8), then Theorem 5 asserts that f (x) has an even number of irreducible factors and therefore is reducible over F 2 [x] . Thus one can find necessary conditions for the irreducibility of f (x) by computing Disc(F ) modulo 8.
2. Stability of trinomials over finite fields 2.1. Trinomials over the binary fields. In this section we prove our main result about the instability of trinomials over the binary field F 2 . First we prove some results about the composition of arbitrary polynomials with trinomials.
2.1.1. Composition of polynomials with trinomials.
i=0 a i x i be two polynomials with integer coefficients such that both s and g (1) are odd numbers. Furthermore suppose that a 2m−1 is an even number whenever n = s. Then
Thus using Corollary 1, we have
and hence since both s and g(1) are odd numbers we get
Now let α 1 , α 2 , . . . , α 2m be the roots of g(x) = 0 in some extension of rational numbers. Then the roots of gf (x) are the union of the roots of the equations f (x) = α i for i = 1, 2, . . . , 2m. We denote by β ij , j = 1, 2, . . . , 2n, the 2n roots of f (x) = α i . So the roots of gf (x) = 0 are β ij for 1 ≤ i ≤ 2m and 1 ≤ j ≤ 2n. Using Newton identities for each i, 1 ≤ i ≤ 2m, we have:
and hence
From (1) and (5) it follows that
where S(β 11 , β 12 , . . . , β (2m)(2n) ) is a symmetric polynomial in the roots of gf (x) = 0 and hence it is an integer number. Thus using (8) and the fact that s is an odd number we get
By (6) for each i we have q si = −s which yields
Also we have
and hence using (7)
From the above equations we get that if s = n, then
from which we get that
It is easy to see that in this case R ≡ 1 (mod 8). Now let n = s. Then
Since we have assumed that s = n is an odd number, we deduce that
i=0 a i x i be two polynomials with integer coefficients such that both s and g(1) are odd numbers. Furthermore suppose that a 2m−1 is an even number whenever n = s. Then
Proof. Since degree of gf (x) is divisible by 4, using Corollaries 1 and 2 we have
and hence using Lemmata 6 and 3 we get
2.1.2. Instability of trinomials over F 2 . The following is our main result about the trinomials over F 2 .
is not an irreducible polynomial over F 2 and hence f (x) is not stable.
Proof.
If s is an even number, then f (x) = (x n + x n− s 2 + 1) 2 which means that f (x) is not irreducible and hence f (3) (x) is not an irreducible polynomial over F 2 . Now let s be an odd number. If n = 1, then s = 1, f (x) = x 2 + x + 1, f f (x) = x 4 + x + 1, and
So let n > 1. If f (x) is not irreducible, then the claim is trivial. So assume that f (x) is an irreducible polynomial and F (x) = x 2n + x 2n−s + 1 is a lift of f (x) to the integers. From Theorem 5 we deduce that Disc(F (x)) ≡ 5 (mod 8). Now notice that F (1) = 3 and since n > 1, the coefficient of x 2n−1 is zero in F (x) whenever n = s. Thus using Corollary 3 we get Disc(F F (x)) ≡ 1 (mod 8) which in turn using Theorem 5 implies that f f (x) is not an irreducible polynomial over F 2 .
Remark 1. The conclusion of Theorem 7 does not hold for trinomials of odd degree. For example, if f (x) = x 3 + x 2 + 1, our limited computations with MAGMA computer algebra package shows that f (n) (x) is irreducible for n ≤ 10, and even more, it is primitive for n ≤ 6. Our guess is that it is stable over F 2 .
Remark 2.
It is possible to prove results similar to the results of this section for monic polynomials of even degree over finite fields of characteristic two.
2.2.
Polynomials over fields of odd characteristic. In this section we consider trinomials over the finite fields of odd characteristic and show that some families of them are not stable.
Theorem 8. Let p > 2 be a prime number such that p | n, and let f (x) = x 2n + ax 2s+1 + b be a trinomial over F p t and g(x) be a monic polynomial of deg(g) = 2m in F p t [x] . Then gf (x) is reducible. In particular f (x) is not stable.
Proof. It suffices to show that the discriminant of gf (x) is a quadratic residue in F p t . Since then by Theorem 4, gf (x) has an even number of factors in F p t [x] and hence it is reducible. We have f ′ (x) = a(2s + 1)x 2s . Since the degree of gf (x) is divisible by 4, from (2) we get
Now on the one hand using Corollary 1 we have
2s which shows that Res(gf (x), g ′ (f (x))) is a quadratic residue, and on the other hand from Lemma 3 we have
Thus from the equations above we conclude that Disc(gf (x)) is a quadratic residue in F p t which finishes the proof.
In the theorem above, we dealt with the polynomials of even degree. It is possible to apply Theorem 5 to prove instability of some families of trinomials of odd degree. For example we have the following theorem.
Theorem 9. Let p ≡ 1 (mod 8), and let f (x) = x p + ax 2 + b be a polynomial over F p . Furthermore suppose that ab = −3. Then f (x) is not stable over F p .
Proof. From Corollary 2, we have Disc(f (x)) = −b(2a) p = −b(2a) = 6 and thus using Lemma 3 we get
Now if p ≡ 3, 7 (mod 8), then Disc(f f (x)) = −36 is a quadratic non-residue and hence from Theorem 4 it follows that f f (x) is not irreducible. So in order to finish the proof we need to prove the claim for p ≡ 5 (mod 8). Now we have
But as −2 is a quadratic non-residue when p ≡ 5 (mod 8), it follows that Disc(f f f (x)) = −18 is a quadratic non residue and thus f f f (x) is not irreducible by Theorem 4.
Polynomials of higher weights
It is possible to prove results similar to the results of the previous section for some families of polynomials which are of higher weight, i.e., polynomials which have more than three nonzero terms. As such are the following theorems about some families of polynomials over the binary field. The proofs of the following theorems are very similar to the proofs of theorems of the previous section and hence we omit them.
Theorem 10. Let f (x) = x 2n +x s +g(x 8 )+1 be a polynomial over F 2 such that 8 deg(g) < s. Then f (x) is not stable over F 2 .
Theorem 11. Let f (x) = g(x 4 ) + x s + 1 be a polynomial over F 2 such that s < 4 deg(g). Then f (x) is not stable over F 2 .
Concluding remarks
As we noted in the introduction in [1] the stability of quadratic polynomials over binary fields were studied. In [7] the stability of the polynomials of degree three over fields of characteristic three has been studied. It seems that methods of [1, 7] are very hard to apply for polynomials of higher degree or higher weight. In this paper, we used Theorems 4 and 5 to study the stability of trinomials and some families of polynomials of higher weight over finite fields. This method also seems to be not that much of help for attacking our conjecture for polynomials of higher weight. For example, if f (x) = x 20 + x 18 + x 5 + x 2 + 1, then computations with MAGMA computer algebra package shows that if F (x) is a monic lift of f (x) over the integers, then Disc(F (x)) = Disc(F F (x)) = Disc(F F F (x)) ≡ 5 (mod 8) while f (x) and f f (x) are irreducible over F 2 and f f f (x) is not irreducible over F 2 . Thus one cannot hope to use Theorems 4 and 5 solely to resolve our conjecture.
We also noted in the introduction that Odoni [11] studied the stability of additive polynomial f (x) = x p − x − 1 over F p . His method is different from the methods of the current paper and those of [1, 7] . Using Capelli's lemma he showed that the Galois group of f f (x) over F p is the cyclic group of order p and hence f f (x) is not stable. It is not clear how to generalize Odoni's method to the case of polynomials which are not additive over F p . In conclusion, it seems that new ideas and methods are needed to be able to confirm Conjecture 1 if it is correct.
